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Krzywe B-sklejane

Najnowsza wersja tego dokumentu dostępna jest pod
adresem

http://users.pjwstk.edu.pl/~denisjuk/
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Krzywa B-sklejana (B-spline)

p0 p1 p2p3 p4 p5p6 p7p8(a) Degree two B-spline 
urve.p0 p1 p2p3 p4 p5p6 p7p8(b) Degree three B-spline 
urve.Figure VIII.1: Degree two and degree three B-spline 
urves with uniformlyspa
ed knots and nine 
ontrol points. The degree three 
urve is smoother thanthe degree two 
urve, whereas, the degree two 
urve approa
hes the 
ontrolpoints a little more 
losely. Compare with the degree eight B�ezier 
urve of�gure VII.9(
) on page 167.
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Krzywa B-sklejana trzeciego stopnia

p0 p1 p2p3 p4 p5 p6q3 q4 q5 q6

Figure VIII.2: A degree three uniform B-spline 
urve with seven 
ontrol points.

q(u) =
n

∑

i=0

Ni(u)pi, 3 ≤ u ≤ n + 1

Ni(u) = 0 dla u ≤ i lub u ≥ i + 4
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Funkcje wagowe

N0 N1 N2 N3 N4 N5 N610 1 2 3 4 5 6 7 8 9 10y uFigure VIII.3: The blending fun
tions for a uniform, degree three B-spline.Ea
h fun
tion Ni has support (i; i+ 4).
Ni(u) = N0(u − i)

Obcięte wielomiany stopnia 3

Ni ∈ C2

∑

i Ni(u) = 1 dla u ∈ [3, n + 1]

Ni(u) ≥ 0

Ni(u) = 0 dla u ≤ i lub u ≥ i + 4
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Funkcje wagowe

R0(u) = N0(u), R1(u) = N0(u + 1), R2(u) = N0(u + 2),

R3(u) = N0(u + 3) u ∈ [0, 1]

⇓

R0(u) =
1

6
u3 R1(u) =

1

6
(−3u3 + 3u2 + 3u + 1)

R2(u) =
1

6
(3u3 − 6u2 + 4) R3(u) =

1

6
(1 − u)3
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Funkcje wagowe

R0(0) = 0, R′

0
(0) = 0, R′′

0
(0) = 0,

R0(1) = 1

6
= R1(0), R′

0
(1) = 1

2
= R′

1
(0), R′′

0
(1) = 1 = R′′

1
(0),

R1(1) = 2

3
= R2(0), R′

1
(1) = 0 = R′

2
(0), R′′

1
(1) = −2 = R′′

2
(0),

R2(1) = 1

6
= R3(0), R′

2
(1) = −

1

2
= R′

3
(0), R′′

2
(1) = 1 = R′′

3
(0),

R3(1) = 0, R′

3
(1) = 0, R′′

3
(0) = 0.
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Krzywa B-sklejana niejednorodna

0 1 2 3 4 5 6 7 8 9 10 11 12 u1 Doubled knot Tripled knotN0;4 N1;4 N2;4N3;4 N4;4 N5;4 N6;4 N7;4N8;4N9;4 N10;4 N11;4

Figure VIII.4: Example of order four (degree three) blending fun
tions withrepeated knots. The knot ve
tor is [0; 1; 2; 3; 4; 4; 5; 6; 7; 8; 8; 8; 9; 10; 11; 12℄ sothat the knot 4 has multipli
ity two and the knot 8 has multipli
ity three.
węzły u0 ≤ u1 ≤ · · · ≤ ul−1 ≤ ul

węzły wielokrotne ui−1 ≤ ui = ui+1 ≤ ui+2

p0 p1 p2 p3 p4 p5 p6 p7 p8 p9 p10 p11

Figure VIII.5: Example of an order four B-spline 
reated with repeated knots.This 
urve is 
reated with the knot ve
tor and blending fun
tions shown in�gure VIII.4. It has domain [3; 9℄.
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Krzywa B-sklejana stopnia m − 1

(Cox de Boor)

Dane są węzły u0 ≤ u1 ≤ · · · ≤ ul−1 ≤ ul.

Dla i = 0, 1, . . . , l − 1 wagi Ni,1 =

{

1 ui ≤ u < ui+1

0

Ni,k+1(u) = u−ui

ui+k−ui

Ni,k(u) + ui+k+1−u

ui+k+1−ui+1
Ni+1,k(u)

0/0 = 0, (a/0) · 0 = 0

Ni,m jest obciętym (w węzłach) wielomianem
stopnia m − 1

supp Ni,m = [ui, ui+m] jest obciętym (w węzłach)
wielomianem stopnia m − 1

Ni,m zależy tylko od ui, . . . , ui+m
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Przykład. Węzły jednorodne, m = 2

N0;2 N1;2 N2;2 N3;2 N4;2 N5;2 N6;2 N7;2 N8;210 1 2 3 4 5 6 7 8 9 10y uFigure VIII.6: The order two (pie
ewise degree one) blending fun
tions withuniformly spa
ed knots, ui = i . Here ` = 10, and there are ` + 1 knots and`� 1 blending fun
tions. The asso
iated B-spline 
urve of equation (VIII.2) isde�ned for 1 � u � `� 1.
N0,2 =







u 0 ≤ u ≤ 1,

2 − u 1 ≤ u ≤ 2,

0
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Przykład. Węzły jednorodne, m = 3

N0;3 N1;3 N2;3 N3;3 N4;3 N5;3 N6;3 N7;310 1 2 3 4 5 6 7 8 9 10y uFigure VIII.7: The order three (pie
ewise degree two) blending fun
tions withuniform knot positions ui = i . We still have ` = 10; there are `+ 1 knots and`� 2 blending fun
tions. The asso
iated B-spline 
urve of equation (VIII.3) isde�ned for 2 � u � `� 2.
N0,3 =















1
2
u2 0 ≤ u < 1,

1
2
u(2 − u) + 1

2
(3 − u(u − 1) 1 ≤ u < 2,

1
2
(3 − u)2 2 ≤ u < 3,

0
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Przykład. Węzły jednorodne, m = 4

N0 N1 N2 N3 N4 N5 N610 1 2 3 4 5 6 7 8 9 10y uFigure VIII.3: The blending fun
tions for a uniform, degree three B-spline.Ea
h fun
tion Ni has support (i; i+ 4).
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Przykład. Krzywe Béziera

węzły: 0, 0, 0, 0, 1, 1, 1, 1

N3,1(u) =

{

1, 0 ≤ u ≤ 1

0

Ni,1 = 0 dla i 6= 3

N2,2(u) = 1 − u, N3,2(u) = u

N1,3(u) = (1 − u)2, N2,3(u) = 2u(1 − u), N3,3(u) = u2

N0,4(u) = (1 − u)3, N1,4(u) = 3u(1 − u)2,
N2,4(u) = 3u2(1 − u), N3,4(u) = u3
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Niejednorodne wielokrotne węzły

węzły: 0, 0, 0, 0, 1, 2, 24
5
, 31

5
, 4, 5, 6, 7, 7, 8, 9, 10, 10, 10, 10

1 2 2:8 3:2 4 5 6 7 8 9 10 u1 Doubled knotN2;2N3;2 N4;2N5;2N6;2N7;2 N8;2 N9;2N10;2N11;2N12;2 N13;2 N14;2

(a) Degree one blending fun
tions.

1 2 2:8 3:2 4 5 6 7 8 9 10 u1 Doubled knotN1;3N2;3 N3;3 N4;3N5;3N6;3 N7;3 N8;3 N9;3N10;3N11;3N12;3N13;3N14;3

(b) Degree two blending fun
tions.

1 2 2:8 3:2 4 5 6 7 8 9 10 u1 Doubled knotN0;4N1;4N2;4N3;4N4;4 N5;4 N6;4 N7;4 N8;4 N9;4N10;4N11;4N12;4N13;4 N14;4

(
) Degree three blending fun
tions.Figure VIII.8: Degree one, two, and three blending fun
tions for a non-uniformknot sequen
e. The knot 7 has multipli
ity two, and the knots 0 and 10 havemultipli
ity 4.
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Właściwo ści

Twierdzenie 1. Niech dane będą węzły u0 ≤ u1 ≤ · · · ≤ ul. Wtedy
funkcje wagowe Ni,m(u) dla 0 ≤ i ≤ l − m mają następujące
właściwośi:

supp Ni,m = [ui, ui+m] dla m ≥ 1

Ni,m ≥ 0
∑l−m

i=0 Ni,m(u) = 1 dla um−1 ≤ u ≤ ul−m+1
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Właściwo ści

Twierdzenie 2. Niech dane będą węzły u0 ≤ u1 ≤ · · · ≤ ul. Wtedy
funkcje wagowe Ni,m(u) dla 0 ≤ i ≤ l − m mają następujące
właściwośi:

supp Ni,m = [ui, ui+m] dla m ≥ 1

Ni,m ≥ 0
∑l−m

i=0 Ni,m(u) = 1 dla um−1 ≤ u ≤ ul−m+1

q(u) =
n

∑

i=0

Ni,m(u)pi, um−1 ≤ u ≤ ul−m+1 = un+1

q(u) =

j
∑

i=j−m+1

Ni,m(u)pi, uj ≤ u ≤ uj+1
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Właściwo ści

Twierdzenie 3. Niech q(u) będzie krzywą B-sklejaną stopnia m − 1
i węzeł ui ma krotność µ. Wtedy q(u) ma ciągłe pochodne do stopnia
m − µ − 1 w punkcie ui.
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Wymierne B-sklejane krzywe
(NURBS)

pi = (x : y : z : w),

q(u) =
∑

i

Ni,m(u)pi

współrzędna w pozwala na powiększenie wagi punktu
kontrolnego

modelowanie krzywych stożkowych

rzut perspektywiczny krzywej wymiernej jest zawsze
krzywą wymierną

punkty kontrolne mogą być umieszczone
w nieskończoności
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NURBS w openGL (GLU)

GLUnurbsObj ∗ curve1 ;
curve1 = gluNewNurbsRenderer ( ) ;
gluBeginCurve ( curve1 ) ;

gluNurbsCurve ( curve1 , numKnots , knotData ,
s t r i d e , data , degParam ,GL_MAP1_VERTEX_3) ;

gluEndCurve ( curve1 ) ;
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NURBS w openGL (GLU)

GLf loa t knotVector [ 8 ] =
{ 0 . 0 , 0 . 0 , 0 . 0 , 0 . 0 , 1 . 0 , 1 . 0 , 1 . 0 , 1 . 0 } ;

GLf loa t c t r l P t s [ 4 ] [ 3 ] = { { −4 .0 ,1 .0 ,0 .0 } ,
{ −2 .0 ,5 .0 ,0 .0 } , {3 .0 , −4 .0 ,0 .0 } ,

{ 5 . 0 , 1 . 0 , 0 . 0 } } ;
GLUnurbsObj ∗ cubicBezCurve ;
cubicBezCurve = gluNewNurbsRenderer ( ) ;
gluBeginCurve ( cubicBezCurve ) ;

gluNurbsCurve ( cubicBezCurve ,8 , knotVector ,
3 , & c t r l P t s [ 0 ] [ 0 ] , 4 ,GL_MAP1_VERTEX_3) ;

gluEndCurve ( cubicBezCurve ) ;
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NURBS Powierzchnie

gluBeginSurface ( surfName ) ;
gluNurbsSurface ( surfName , nuKnots ,
uknotVector , nvKnots , vKnotVector ,
uSt r ide , vSt r ide , & c t r l P t s [ 0 ] [ 0 ] [ 0 ] ,
uDegParam , vDegParam ,GL_MAP2_VERTEX_3) ;

gluEndSurface ( surfName ) ;
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